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1. INTRODUCTION 
Writing of this text was motivated by the known although in some situations rather unexpected 
phenomenon that in a microwave system consisting of a signal source, a transmission line, and a load, the 
power carried by the wave travelling toward load may be greater than the available signal source power. 
Specifically, in high-power industrial applications, the power supplied by a magnetron can be computed 
from the anode voltage, anode current, and the device efficiency. The power carried by the wave 
travelling to the load can be measured using a directional coupler. It was observed that this power may be 
several times higher than the power available from the magnetron. This could lead to mistrust to 
measurement devices (couplers) and measurement methods. The paper attempts: 
• To clear out the situation for sake of those who are not specialists in the field of microwaves (but 

rather users of the technology) by providing an explanation to the observed effects.  
• To suggest what measurements should be actually taken to the satisfaction of the user and what their 

accuracy limitations are. 
The PowTrans program (Microwave Power Transmission Calculator) has been developed, 
supplementing the theory and enabling a variety of useful simulations. Except aiding the study it can be 
used to make practical assessments in real situations. 

2. STUDIED SYSTEM 
The studied system consists of three basic blocks (Fig. 1): 
• Load (working space) 
• Transmission medium (transmission line, waveguide) 
• Signal source (magnetron) 
The circuit-theory representation of the system is shown in Fig. 2. In our further discussions, we shall 
assume the system linear, the transmission medium lossless, and the signals harmonic. 
 

ΓΓΓΓ LΓΓΓΓs

θθθθ

Pav

SOURCE TRANSMISSION
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LOAD

Fig. 1: The studied system
 

2.1 Load 

A load is characterized by its (complex) impedance ZL or, equivalently, by its reflection coefficient 

)exp( LLL jϕΓ=Γ  

 The two quantities are related by the equation 
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where Z0 is an arbitrary real reference impedance. It is meaningful to choose the reference impedance to 
be equal to the characteristic impedance of the interconnecting transmission line. 
If a wave travelling in the transmission line is incidend on the load, a part of the wave energy is reflected 
back; the other part is transmitted to the load. If the incident wave carries the power Pi, the reflected 
power is 

2
Lir PP Γ=   ( 2 ) 

and the transmitted (absorbed) power is 

( ) LiLiL mPPP =Γ−= 21  ( 3 ) 

where 
21 LLm Γ−=   ( 4 ) 

is termed load mismatch factor.  
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Fig. 2: Circuit representation of the studied system
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2.2 Transmission Medium 

Generally speaking, transmission medium is an arbitrary circuit connecting the source and the load. A 
linear circuit is fully characterized by four scattering parameters. In many practical cases, the 
transmission medium is a section of homogeneous transmission line or waveguide with negligible losses. 
For sake of text simplicity, we shall often refer to transmission medium as to waveguide. 
Basic parameters characterizing such transmission medium (and from which the scattering parameters 
can be derived) are: 
Characteristic impedance Z0. In case of waveguides, the definition of Z0 is ambiguous and in many cases 
(including our case) we can put Z0=1. 
Electrical length θ, expressed in angular units (radians), defined as  

λπθ /2 L=   ( 5 ) 

where L is the physical length of the waveguide and λ the wavelength of the wave propagating along its 
axis (guide wavelength). 
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2.3 Wave 

A wave travelling in a transmission medium is for our purposes sufficiently characterized by 
• its wavelength λ, 
• its phase angle ϕ(x) at a given position x, measured along the direction of propagation, 
• the mean power P it carries. 
Mathematically, the wave is described by the complex wave amplitude (we shall further often call it 
simply wave) 

( )[ ] ( )[ ]xjPxjAxa ϕϕ exp2exp)( ==   ( 6 ) 

The reason for using the square root of power as magnitude rather than the power itself is very essential: 
if two or more individual waves exist in a medium, they add up to form a resultant wave. To arrive at the 
resultant wave, we have to sum up field strengths (intensities) not powers of the individual waves. The 
wave magnitude must therefore be proportional to its field strength; and field strength is proportional to 
the square root of power1. In case of TEM waves, such as those existing in coaxial lines, voltages and 
currents are proportional to field strengths. 
The factor 2 reflects the fact that A is amplitude-type quantity (peak value) rather than effective value, so 
that 

22

2
1)(

2
1 AxaP ==  ( 7 ) 

This power-intensity relation has a very practical consequence, sometimes overlooked in min-max power 
estimations of multiple-wave cases: To obtain resulting power, we must not sum powers of particular 
waves: we should sum square roots of powers, then take the square of the sum. The following example 
illustrates the difference. 
PROBLEM: Two waves of the same type and frequency travel in the same direction; one carrying the 
power P1=1000 W, the other P2=500 W. Their mutual phase shift is unknown or may vary. What is the 
maximum and minimum power of the resulting wave? 
SOLUTION: The maximum power case occurs when the two waves are in-phase. Then their amplitudes 
add algebraically. The minimum power case occurs when the two waves are phase-shifted by 180o. Then 
their amplitudes subtract algebraically. The corresponding powers are 

( )221 PPP ±=  

yielding Pmin = 85.8 W, Pmax = 2914.2 W, not Pmin = 1000 – 500 = 500 W, Pmax = 1000 + 500 = 1500 W. 
 
When a wave travels a distance L, its phase will decrease proportionally to the corresponding electrical 
distance θ: 

( ) ( )θλπ jaLjaLa −=−= exp)0(/2exp)0()(   

i.e. 

θϕϕ jL −= )0()(  

2.4 Signal source 

In the theory of linear lumped-element circuits or circuits containing also TEM transmission lines (not 
waveguides), a signal source can be defined by two quantities: 
• Open-circuit voltage amplitude (peak value) VS 

• Internal impedance ZS 

                                                      
1 More logically, the statement should be inverted: power is proportional to field strength amplitude squared. 
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Both quantities are in principle complex. If the studied system has only one signal source (which is our 
case), we can, without lack of generality, assume VS real. 
A more general approach, applicable also to waveguides, is to characterize a signal source by another set 
of parameters: 
• Available power Pav 

• Source reflection coefficient )exp( SSS jϕΓ=Γ  

2.4.1 Available Power  

Available power is the maximum power a source is capable of delivering when varying its load 
impedance. This situation occurs when the load impedance2 is equal to the complex conjugate of the 
source impedance. The same holds for reflection coefficients. 
For sources in which voltages and currents can unambiguously be defined, the relation between the open-
circuit voltage and the available power is 

S

S
av R

VP
2

8
1=   ( 8 ) 

where RS is the real part of the source impedance ZS=RS+jXS (recall that VS is the amplitude of a 
harmonic signal, not its effective value; therefore the factor 1/8). 

2.4.2 Source Reflection Coefficient 

Similarly to the load, the source impedance and reflection coefficient are related by 

0

0

ZZ
ZZ

S

S
S +

−=Γ   ( 9 ) 

If the voltage VS could be reduced to zero without affecting anything else, the source would act simply as 
an impedance ZS (reflection coefficient ΓS), similar to the load discussed above. Therefore, if a wave 
reflected from a load returns to the source, its power is partly absorbed in the source, partly re-reflected. 
The re-reflected wave contributes to the resultant wave travelling from the source towards load. 
The source is said to be matched if ZS=Z0, or, equivalently, ΓS=0. The source mismatch factor is defined 
by 

21 SSm Γ−=   ( 10 ) 

A signal source may be a composite device, with a provision made to improve its impedance match. In 
particular, magnetrons are often cascaded with circulators. The wave reflected from the load is then 
absorbed not in the magnetron itself (which could damage it) but in the high-power termination 
connected to the third circulator port. 

2.4.3 Power Delivered to Matched Load 

The power which the source would deliver to a matched load (i.e. a load with zero reflection coefficient) 
can be obtained as the product of the source available power and the source mismatch factor: 

SavS mPP =0   ( 11 ) 

                                                      
2 Note that this is the impedance seen by the source at its terminals (reference plane), not the load impedance at the 
other end of the transmission medium, as defined in Section 2.1. 
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2.4.4 Total Power  

The total power Ptot delivered by the active portion of the source (ideal voltage source) is greater than the 
power delivered to the load. The reason is that part of this power is also dissipated in the real part of the 
source impedance. Note that in the case of maximum power transfer (RL=RS, XL=-XS) Ptot=2Pav, i.e. half 
of the total power is lost in the source itself. This is unacceptable in high-power sources (magnetron 
generators). The problem will be addressed in Section 5. 

2.4.5 Magnetron 

Unfortunately, the magnetron is not an easy signal source: its parameters (efficiency, internal impedance, 
generated frequency, etc.) are interrelated and depend on many factors, such as anode voltage and 
current, applied DC magnetic field intensity (electromagnet current), filament current, and even load 
impedance. 
Nonetheless, for the purpose of the following explanations, we shall regard the magnetron a well-
behaving, linear signal source. This approach is quite realistic if we consider the signal source to be a 
combination of a magnetron and a circulator and do not care for what happens inside. Problems of 
magnetrons will be discussed also in Section 5. 

3. SYSTEM BEHAVIOR 
This section describes the processes occuring in the waveguide. What we wish to arrive at and explain is 
the steady-state situation: in practical industrial systems, usually tens of nanoseconds are sufficient to 
reach steady state after an abrupt change. Circuit theory, theory of signal flow graphs, and scattering 
parameters formalism are general tools for obtaining the resulting formulas. However, for a better 
insight, it is very instructive to contemplate the onset of the wave propagation and the buildup of the 
resultant field in terms of successively arising particular waves. 
To facilitate further discussion, the following conventions will be used: 
• Amplitudes of waves travelling in the source-to-load direction (incident waves) will be denoted b.  
• Amplitudes of waves travelling in the load-to-source direction (reflected waves) will be denoted a.  
• Subscript S will indicate the position at the source-to-waveguide interface. 
• Subscript L will indicate the position at the waveguide-to-load interface. 
• Order n of a wave (the term will be explained below) will be specified by an additional subscript n. 
Imagine the source is abruptly switched on. A consequence of that is the emergence of a wave travelling 
in the waveguide toward load. We shall call it primary wave or 1st-order incident wave. At the source 
output plane, the amplitude of this primary wave is bS1. The power P1 carried by this wave is the power 
which the source would deliver to a matched load: 

SavS mPbP == 2
11 2

1
  

Hence (choosing bS1 real, which we can do without loss of generality) 

SavS mPPb 22 11 ==  

The primary wave propagates in the waveguide until, after travelling the electrical distance θ, reaches the 
load. The wave incident on the load is therefore 

)exp(11 θjbb SL −=  

(recall that the transmission medium is assumed lossless). Now, depending on the load reflection 
coefficient, part of the wave penetrates to the load; the other part is reflected, giving rise to a wave 
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travelling back toward source. We shall call it 1st-order reflected wave due to the fact that its amplitude is 
proportional to the 1st power of the load reflection coefficient3: 

)exp(111 θjbba LSLLL −Γ=Γ=  

The 1st-order reflected wave propagates in the waveguide until reaching the source, where 

)2exp()exp( 111 θθ jbjaa LSLS −Γ=−=  

There, depending on the source reflection coefficient, part of it penetrates back to the source; the other 
part is re-reflected, giving rise to another wave travelling toward load. We shall call it 2nd-order incident 
wave; its amplitude at the source and the load is, respectively 

)2exp(112 θjbab LSSSSS −ΓΓ=Γ=  

)3exp()exp( 122 θθ jbjbb LSSSL −ΓΓ=−=  

The 2nd-order incident wave behaves exactly as the primary wave, giving rise to 2nd-order reflected wave, 
which in turn gives rise to 3rd-order incident wave. This process continues theoretically infinitely (taking 
theoretically infinite time), then the steady state is reached. Practically, only a finite number of higher-
order contributions is significant and a practically acceptable steady state occurs after a finite time (those 
already mentioned tens of ns). 
Generally, nth-order incident and reflected waves at the load plane are 

( )[ ]12exp11
1 −−ΓΓ= −− njbb n

L
n
SSLn θ      n=1, 2, 3, … ( 12 ) 

( )[ ]12exp1
1 −−ΓΓ=Γ= − njbba n

L
n
SSLLnLn θ    n=1, 2, 3, … ( 13 ) 

The steady state situation is illustrated in Fig. 3 and can be described as follows: 
1. The resultant wave propagating toward load (incident wave) is composed of the primary wave and an 

infinite number of higher-order contributions with decreasing amplitudes. Their origin is multiple 
reflections between source and load. At the load plane, the incident wave is 

( )[ ]∑∑
∞

=

−−
∞

=

−−ΓΓ==
1

11
1

1
12exp

n

n
L

n
SS

n
LnL njbbb θ  ( 14 ) 

2. The resultant wave propagating back toward source (reflected wave) is again composed of an infinite 
number of contributions with decreasing amplitudes. At the load plane, the reflected wave is 

LL
n

LnL
n

LnL bbaa Γ=Γ== ∑∑
∞

=

∞

= 11  
The complex amplitude ratio of the resultant reflected wave and the resultant incident wave is equal 
to the load reflection coefficient, as is the ratio of each particular pair of contributions with a given 
order. 

                                                      
3 Similarly, a reflected wave will be said to be of nth order if its amplitude is proportional to nth power of load 
reflection coefficient, (ΓL)n. An incident wave will be said to be of nth order if it gives rise to nth-order reflected 
wave. So, each incident and reflected wave of the same order are coupled by the load reflection coefficient. 
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The infinite series can in fact be easily summed, realizing that it is a geometric series with the quotient 
( )θ2exp jq LS −ΓΓ=  as we shall prove now. Indeed, after the substitution k=n-1, which also implies 2n-

1=2k+1, the formula for bL becomes 

( ) ( ) ( ) ( )[ ]∑∑
∞

=

∞

=

−ΓΓ−=−−ΓΓ=
0

1
0

1 2expexp2expexp
k

k
LSS

k

k
L

k
SSL jjbkjjbb θθθθ  

Recalling that, for |q|<1, 

q
q

n

n

−
=∑

∞

= 1
1

0

 

one obtains 

( )
( )θ
θ

2exp1
exp

1 j
jbb

LS
SL −ΓΓ−

−=  

Expressing bS1 in terms of source available power, the wave incident on the load is 
( )

( )θ
θ

2exp1
exp2

j
jmPb

LS
SavL −ΓΓ−

−=  ( 15 ) 

and the wave reflected from the load is 

LLL ba Γ=  ( 16 ) 

which are the final formulas we wanted to arrive at. 

4. POWER TRANSFER IN THE SYSTEM 
This section discusses some important points concerning powers and power transmission in the system.  
Power carried by the wave bL (incident power) is 

( ) 2

2
2

2exp1

1
2
1

θj
PbP

LS

S
avLi

−ΓΓ−

Γ−
==  ( 17 ) 
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This power can be measured by a directional coupler connected in the waveguide such as to sample the 
forward wave.  
Power carried by the wave aL (reflected power) is 

22

2
1

LiLr PaP Γ==  

This power can be sampled by a directional coupler oriented in the reverse direction.  
Next, we shall discuss some implications of the derived formulas. 

4.1 Power Absorbed in the Load 

Power absorbed in load is of prime concern in the high-power applications. Following the energy 
conservation principle, the net power absorbed in the load is the difference between the incident power 
and the reflected power: 

( ) ( )( )
( ) 2

22
2

2exp1
11

1
θj

PPPPP
LS

LS
avLiriL

−ΓΓ−
Γ−Γ−

=Γ−=−=  ( 18 ) 

Equation (18) can be rewritten as 

gPP avL =  

where 

( )( )
( ) 2

22

2exp1
11

θj
g

LS

LS

−ΓΓ−
Γ−Γ−

=  ( 19 ) 

is the power transmission coefficient also known as transducer gain ratio. It is usually expressed in dB 
as 

)log(10 gG =  

As seen, the transducer gain4 relates the power actually absorbed in the load to the available source 
power. It is therefore a quantity of basic interest. 
Transducer gain expressed in terms of reflection coefficients has a very illustrative interpretation. We 
can write it as a product of three factors: 

LSLS mdmg =  ( 20 ) 

where 
21 SSm Γ−=  

21 LLm Γ−=  

( ) 22exp1
1

θj
d

LS
SL

−ΓΓ−
=  ( 21 ) 

Two of them (mS, mL) are the familiar mismatch factors; the third (dSL) we shall call the interference 
factor. 
The source mismatch factor defines what fraction of the available power would be transferred to a 
matched load: indeed, if ΓL=0, then g=mS. We have stated that already in Equation (11). 

                                                      
4 In lossy systems, perhaps the more logical terms are transducer loss ratio (t) and transducer loss expressed in dB 
(T). These are related to transducer gain as t = 1/g, T = - G. 
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The load mismatch factor defines what fraction of the power available from a matched5 source would be 
transferred to a given load: indeed, if ΓS=0, then g=mL. 
It seems at the first sight that when both the source and the load are mismatched, the transducer gain will 
simply be the product of the two mismatch factors: a fraction mS of the available power couples to the 
transmission line, out of which only a fraction mL couples to the load. But this is not the case: if there are 
mismatches at both ends, multiple reflections occur between source and load as elaborated above, 
modifying the overall power transmission. Exactly this is the effect expressed by the interference factor. 
Both the energy conservation principle and the analysis of (19) imply that for passive loads g≤1, that is, 
power absorbed in a load can never be greater than the power available from the source. On the contrary 
to this, the power of the incident wave can be substantially higher, as will be shown later.  
Equation (21) reveals that the interference factor depends not only on the magnitudes of the source and 
load reflection coefficients but also on their phases, and on the electrical length θ of the interconnecting 
wavegide. This is due to the term 

( ) ( )[ ] ( )hLSLSLSLS jjjh ϕθϕϕθ exp2exp2exp ΓΓ=−+ΓΓ=−ΓΓ=  

appearing in the denominator. In the practice of industrial and many other applications, the phase angles 
ϕS, ϕL, θ are unknown and, more than that, cannot at all be assumed constant. It is therefore important 
and only possible to know the limits of the interference factor and derived quantities (like transducer 
gain, power absorbed in load, incident power) for arbitrary phase angles. A minimum of interference 
factor occurs when the denominator is highest, and vice versa. The denominator is highest when the 
phasing is such that h is real and positive: h = |ΓS ΓL|. The denominator is smallest when the term is real 
and negative: h = -|ΓS ΓL|. Consequently, 

( ) ( )2max2min
1

1,
1

1

LS
SL

LS
SL dd

ΓΓ−
=

ΓΓ+
=  

It is apparent that: 
1. When at least one end is matched, the interference factor is equal to unity. 
2. The worse the mismatches (i.e. the higher the |ΓS ΓL| product), the more the extremes of interference 

factor deviate from unity. In the limit  |ΓS ΓL|→1, the minimum is 0.25 and the maximum tends to 
infinity. 

The limits of transducer gain are 

( )( )
( )2

22

maxmin,
1

11

LS

LSg
ΓΓ±

Γ−Γ−
=  

The numerator assures that transducer gain cannot exceed unity, hence conforms with the energy 
conservation principle. The following can also be stated: 
1. If both ends are matched, then g = 1 and the whole available power is transmitted to load. 
2. If one end is matched, transducer gain is equal to the mismatch factor of the other end, independent 

of phases. 
3. If the reflection coefficient magnitudes of both ends are equal, then  gmax = 1 (it means that by proper 

phasing the impedance conjugation condition for the maximum power transmission can be achieved). 
4. If the reflection coefficient magnitudes of both ends are inequal, then gmax < 1 (complete power 

transfer by mere changing phases or waveguide length cannot be achieved). 

                                                      
5 It is to be stressed that the match is related to the reference impedance Z0, i.e. to the characteristic impedance of the 
interconnecting transmission line or waveguide. 
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4.2 Incident Power 

Equation (17) shows that the incident power formula also comprises the interference factor: 

( ) SLSav
LS

S
avi dmP

j
PP =

−ΓΓ−

Γ−
= 2

2

2exp1

1

θ
 

Therefore, like absorbed power, incident power depends on the phases of the source and load reflection 
coefficients as well as electrical length θ of the interconnecting wavegide. However, due to the missing 
load mismatch factor, this dependence is completely different. In particular, the incident power can be 
much greater than the power available from the source, as will be shown next. Physically, the effect is a 
result of the vector summation of partial waves originating from multiple reflections of the primary wave, 
as explained in Section 3. Since the contributions add vectorially, the incident wave magnitude, 
depending on their phasing, may be greater than the original wave. However, the higher the incident 
power, the higher also the reflected power: their difference (power absorbed in load) can never exceed 
the source available power. 
The extremes of the incident power are 

( )2

2

maxmin,
1
1

LS

S
avi PP

ΓΓ±
Γ−

=  

Let us analyze Pi max to see if it can be greater than Pav. A simple manipulation of the relation 
( )22 11 LSS ΓΓ−>Γ−  shows that this case actually occurs when 

21
2

L

L
S

Γ+
Γ

<Γ  

or, equivalently, 






 Γ−−

Γ
>Γ 2111

S
S

L  

If, for example, the source VSWR=3, i.e. |ΓS|=0.5, the incident power is greater than the available power 
for all loads with |ΓL|>0.27 i.e. VSWR>1.73. The worse the both mismatches, the higher the maximum 
incident power. Table 1, assuming both reflection coefficients equal, helps get a feeling for the relations. 
Miscelaneous computations of similar kind can be performed using the PowTrans program. 

Table 1: Minimum and maximum incident power for equally mismatched source and load  

|ΓS|=|ΓL| VSWR RL 

(dB) 
Pmin/Pav Pmax/Pav Pmin/Pav 

(dB) 
Pmax/Pav 
(dB) 

0.1 1.22 20.00 0.97 1.01 -0.13 0.04 

0.2 1.50 13.98 0.89 1.04 -0.52 0.18 

0.3 1.86 10.46 0.77 1.10 -1.16 0.41 

0.4 2.33 7.96 0.62 1.19 -2.05 0.76 

0.5 3.00 6.02 0.48 1.33 -3.19 1.25 

0.6 4.00 4.44 0.35 1.56 -4.61 1.94 

0.7 5.67 3.10 0.23 1.96 -6.39 2.92 

0.8 9.00 1.94 0.13 2.78 -8.73 4.44 

0.9 19.00 0.92 0.06 5.26 -12.37 7.21 

0.95 39.00 0.45 0.03 10.26 -15.70 10.11 

0.99 199.00 0.09 0.01 50.25 -22.95 17.01 
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The following conclusions can be drawn concerning the incident power: 
1. For a given source and load mismatch, the power carried by the wave travelling in the waveguide 

toward source (incident power) can be lower or higher, depending on phases of both reflection 
coefficients and waveguide length. For gross mismatches, it can be even substantially higher than the 
source available power. 

2. Therefore, the incident power is not a measure of the power absorbed in the load, which is the actual 
concern in high-power applications. Relying solely on incident power measurement (i.e. using a 
single directional coupler) may lead to misinterpretation; especially when neither source nor load are 
well matched and do not have constant reflection coefficient (which is typical for magnetron 
installations without circulators). To properly measure power absorbed in a load, two directional 
couplers are required: one sampling incident power, the other sampling reflected power. 

3. The importance of incident power itself lies in the fact that it is a measure of the field strength inside 
the waveguide. For gross mismatches at both ends, the field inside the waveguide may be very strong 
despite the low net transmitted power. In fact, such arrangenment closely resembles a resonator with 
all the consequences (e.g a dip in the transmitted power accompanied by an excessive loss in the real 
transmission medium). Objects, like tuning stubs, located in such environment may experience 
overheating; theoretically, even electric breakdown may occur.  

4. The situation when the incident power is greater than the source available power does not violate the 
energy conservation law because an adequate part of this power is reflected back to signal source. In 
final effect (assuming no transmission losses), the source delivers exactly the power absorbed in 
load6. 

Note: Rather than evaluating the comparatively complex formulas derived, useful quick estimates can be 
obtained taking into account only the primary wave, 1st-order reflected wave, and 2nd-order incident 
wave. The better the source and load match, the more accurate this approach. For VSWR≤2, the absorbed 
power error is below ±10 %. Remember that to obtain the limits of the total power of the incident wave, 
you have to proceed as in the Problem in Section 2.3. 

5. MAGNETRON AS A SIGNAL SOURCE 
As noted in Section 2.4, the total power delivered by the active portion of a generator (i.e. ideal voltage 
source) is always greater than the power delivered to the load. Namely, part of the total power is 
dissipated in the source impedance. This has an important consequence on the operation of high-power 
microwave generators. The problem is discussed in the present section. The relations are best explained 
in terms of circuit parameters (voltages, currents, impedances). 

ZS

ZLVS

Fig. 4: Illustration to power definitions
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PL

Ptot
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6 For a magnetron with a circulator, the source in this sense means the combination of the two. Looking inside, 
however, the magnetron sees a nearly perfect match and delivers the corresponding power (see Section 2.4.3) 
regardless of the load impedance. The whole power reflected from the load is absorbed in the circulator auxiliary 
load.  
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The situation is illustrated in Fig. 4, where 

2
4
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avL ZZ

RRPP
+

=   

is the power absorbed in the load7, hence the transducer gain is 

2

4

LS

LS
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RRg

+
=  

Power dissipated in the source impedance is 
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24
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S
avS ZZ

RPP
+

=   

and the source total power is 
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RRRPPPIVP
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+=+==   

(the asterisk denotes complex conjugation). The problem of high-power microwave generators can be 
described as follows: If the source and load are matched  (RL=RS, XL=-XS), the source delivers its 
available power Pav to the load. On the other hand, the same amount of power is lost in the source 
internal impedance itself (in its real part RS). The active device of the source must therefore supply twice 
the available power (Ptot=2 Pav), hence the source efficiency cannot theoretically exceed 50%. This is 
unacceptable in high-power generation. In order that the efficiency be higher, the power lost in RS must 
be much lower. This is possible only when RS<<RL, i.e. the magnetron must act as a strongly mismatched 
signal source.  
The conclusion is that the source match is not important in high-power microwave generators: the prime 
concern is the efficiency with which the DC input power is converted to microwave power. 
As a result of the excessive source mismatch, the available power turns out to be much higher than the 
power delivered to a load. The term available power therefore loses its real meaning and becomes only a 
fictitious quantity: an extrapolation, useful for mathematical analysis. 
Fig. 5 illustrates the situation, considering for simplicity both source and load  impedances real (XL=0, 
XS=0). The figure shows the total power, load power, and the power lost in source as functions of load 
impedance. It also shows the fraction ηD of the total power that is transferred to the load:  

LS

L

tot

L
D RR

R
P
P

+
==η  ( 22 ) 

The quantity can be described as power distribution efficiency. 
When RL is zero, the total power is four times the available power and, logically, all this power is lost in 
the source. When increasing the load impedance, the total power decreases. The same holds for the 
power lost in the source, however this decreases faster because part of the total power now goes to the 
load. The load power grows until RL=RS. When RL=RS, the familiar impedance matching condition 
occurs: the total power is twice the available power, and is equally distributed between the source and 
load impedances. The efficiency ηD = 50% in this situation. When increasing the load impedance above 
this point, all three powers decrease. However, the difference between the total power and the load power 
is ever smaller so the efficiency increases. This confirms the qualitative conclusion stated above that the 
source impedance must be low relative to the load impedance to achieve high efficiency. 
 

                                                      
7 This is a circuit-formalism equivalent of Equation (18); however, ZL now means the load impedance transformed by 
the waveguide to magnetron reference plane. ZL therefore incorporates the interference factor. 



PowTr.doc 15/25 Rev B: 07-May-2007  

0

0,5

1

1,5

2

2,5

3

3,5

4

0 1 2 3 4 5

RL/RS

Ptot/Pav

Ps/Pav

PL/Pav

PL/Ptot

 
Fig. 5: Source total power relative to the available power (Ptot/Pav) and its distribution to 

load and source internal impedance for varying RL/RS ratio. The curve PL/Ptot is the 
distribution efficiency ηD. 

Now, a practical question arises: When the load is matched (ZL=Z0), what must the source reflection 
coefficient be in order that the magetron overall efficiency η have a desired value? 
The overall efficiency can be defined as power absorbed in a matched load divided by the input DC 
power. Then 

DC
tot

L

DC

tot

DC

L

P
P

P
P

P
P ηηη ===   

where PDC is the input DC power and ηC is the efficiency of  DC-to-Ptot conversion. Such defined 
efficienciess are not load impedance-dependent (ZL has been made equal to Z0), can therefore serve as 
meaningful magnetron specifications. From the knowledge or an estimate of ηC,  the value of ηD can be 
obtained. Then, using (22), the source impedance is 

D

D
S ZR

η
η−= 1

0   

Converting RS to the more general reflection coefficient, we obtain 

DS η21−=Γ   

The case is best illustrated in the following example. 
PROBLEM: A magnetron’s anode voltage is Va = 18 kV, anode current is Ia = 5 A, and its overall 
efficiency should be η = 85%. What must be magnetron’s internal impedance expressed in terms of 
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VSWR? What is its available power in such case? Assume the conversion and power distribution 
efficiencies equal. 
SOLUTION: The power distribution eficiency and the conversion efficiency are  

922.085.0 ==== ηηη CD   

Using this,  

844.0922.021 =×−=ΓS   

( ) ( ) 8.1111 =Γ−Γ+= SSVSWR   

which is a severe mismatch indeed. The input DC power is  

kWIVP aaDC 90==   

The total source power is  

kWPP CDCtot 83== η   

The power absorbed in a matched load is  

kWPP DCL 5.76== η   

The available power can be computed from Equation (11) as 

( ) kWPPP LSLav 8.726547.31 2 ==Γ−=   

This is indeed a fictitious value. Nevertheless, it can be used in system calculations to arrive at realistic 
final results. 
Distribution of powers in the system is illustratively depicted in Fig. 6. 

PDC Ptot
PL
PS

PS

Pi

Pr

PL

MAGNETRON WAVEGUIDE LOAD

Fig. 6: Power distribution in the transmission system with a magnetron

Pav

 

A magnetron as a grossly mismatched source is, however, a nuisance because power transmission in such 
a system with is very sensitive to the phase of load reflection coefficient and the waveguide length. Also, 
when the condition of maximum power transfer is approached, magnetron behavior is unpredictable and 
the magnetron can even be damaged. To avoid these effects, a circulator can be placed between the 
magnetron and the load. With an ideal circulator, this has the following consequences: 
• The magnetron always looks into a matched load.  
• Looking from outside, the magnetron-circulator cascade also appears matched.  
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• The power of the wave incident on the load is always equal to the power which would be delivered to 
a matched load. (It does not vary with load variations.) 

• The reflected power is fully absorbed in the circulator (diverted to the auxiliary load). 
Modification of Fig. 6 for the case of a circulator is left to the reader. 

6. WHAT SHOULD BE MEASURED AND HOW 
Based on the results obtained in the previous sections, this section suggests what quantities should be 
actually measured to the satisfaction of a high-power microwave system user, how the measurements can 
be performed and what are the measurement worst-case accuracy limitations. 
The basic quantities of interest in high-power microwave applications are 
• Power PL absorbed in the load 

• Magnitude |ΓL| of the load reflection coefficient  
The power absorbed in the load is interesting for an obvious reason of using energy as efficiently as 
possible as well as for us being able to relate the processes in the working space to the delivered power. 
The load reflection coefficient is important to be monitored among others in order that the magnetron 
load impedance be kept within recommended or permitted limits. In other words, magnetrons must be 
protected against reflected waves (simpler applications do not use circulators) because these could impair 
their proper operation or cause damage. 
Both quantities of interest can be obtained from the measurement of other two quantities:  
• Power Pi of the wave incident on the load 

• Power Pr of the wave reflected from the load 
Then the power absorbed in the load is 

riL PPP −=  ( 23 ) 

and the magnitude of the load reflection coefficient is 

irL PP /=Γ  ( 24 ) 

Pi and Pr can be obtained by sampling the incident and reflected wave by means of directional couplers. 
As already noted, it is not uncommon that only one directional coupler is used, sampling the incident 
wave. The coupled power is supposed to be proportional to the power absorbed in the load. This can, 
however, be true only in two special cases:  
• When the load is matched 
• When reflection coefficients of both load and source are constant (including their phase angles).  
Neither of these conditions is met in practice. Then a paradoxical situation may occur that the load power 
“measured” in such a way is greater then the DC input to magnetron. This can happen with poorly 
matched magnetrons (operating without circulators) and poorly matched loads. The correct approach is 
therefore to measure both incident and reflected powers and use their difference and ratio to arrive at 
power absorbed in load and load reflection coefficient8. 

                                                      
8 It is worth noting that there exist other principles which enable to measure both quantities of interest. One of them 
is the six-port reflectometer principle. The six-port reflectometer can measure both complex reflection coefficient 
and incident power. Moreover, the knowledge of complex reflection coefficient makes it possible to correct for the 
systematic errors which severly limit the measurement accuracy when using only scalar (power) data provided by 
couplers. Also, the knowledge of complex reflection coefficient is a key to effective automatic impedance matching 
algorithms. 
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6.1 Directional Couplers 

In this section, expressions for coupled waves of directional couplers used for sampling incident and 
reflected waves are declared as a starting point for further analysis. 
Directional couplers for high-power waveguide applications have very weak coupling (below –40 dB), so 
they do not introduce any significant reflection in the main guide and can be regarded perfectly matched. 
Therefore, for the purpose of the present analysis, a directional coupler will be characterized by the 
following two, generally complex, quantities: 

Coupling factor c 
Directivity d 

Note that they are related with the commonly given dB-values by 

cC log20=  

dD log20−=  

A coupler connected so as to sample the wave bL incident on the load will be called a forward coupler. 
Its coupling factor and directivity will be denoted ci, di, respectively. 
A coupler connected so as to sample the wave aL reflected from the load will be called a reverse coupler. 
Its coupling factor and directivity will be denoted cr, dr, respectively. 
The wave emerging from the coupled port of the forward coupler is then 

)1( iLiLiiLiLci dcbdcacbb Γ+=+=  

The wave emerging from the coupled port of the reverse coupler is 

)( rLrLrrLrLcr dcbdcbcab +Γ=+=  

These two equations enable us to assess errors when measuring the powers and the magnitude LΓ of load 

reflection coefficient LLL ba /=Γ . 

For a case of ideally directive couplers (di=0, dr=0), the equations reduce to 

iLci cbb =  

LrLcr cbb Γ=  

Apart from finite directivities, another source of measurement error is inaccurate knowledge of the 
coupling factors. To account for this, the terms nominal (supposed) coupling factors cin, crn will be used 
as opposed to the actual values ci, cr. 

6.2 Power Measurement Using Directional Couplers 

Power carried by the wave emerging from the coupled port of a coupler is 

2

2
1

cc bP =  

Applying this to the samples of the incident (bci) and reflected (bcr) wave, we obtain 
22 1 iLiici dcPP Γ+=  

22
rLricr dcPP +Γ=  

where 

2

2
1

Li bP =  
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is the power of the wave incident on the load, the reflected power being 
2

Lir PP Γ= . 

Powers Pci and Pcr can be measured by power meters connected to the coupled ports. For the purpose of 
this analysis, we shall assume that these powers are measured accurately.  
Obviously, with perfect directional couplers (di=0, dr=0), Pci is proportional to the incident power Pi and 
Pcr is proportional to the reflected power: 

iici PcP 2=  

rrLircr PcPcP 222 =Γ=  

Therefore, to arrive at Pi and Pr, the coupled powers Pci and Pcr are to be divided by 
2

ic  and 
2

rc , 
respectively.  However, since the true values of the coupling factors are not exactly known; we can only 
use some supposed (nominal) values inc , rnc to carry out the division. What we obtain are measured 
values of the incident and reflected power 

2
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2 1
|| iL
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mi d

c
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c
PP Γ+==  ( 25 ) 

2
2

2|| rL
rn
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rn

cr
mr d

c
cP

c
PP +Γ==  ( 26 ) 

As we see, the measured values Pmi and Pmr in general differ from the actual powers Pi and Pr. As 
already stated in Section 6.1, the two main sources of the measurement errors are 
1. Nonzero directivity of the couplers 
2. Not exactly known coupling factors of the couplers 
Both these errors will now be investigated. 

6.2.1 Errors Due to Finite Directivity 

Suppose for instant that the coupling factors are exactly known, i.e. cin=ci, crn=cr. Equations (25), (26) 
then become 

21 iLimi dPP Γ+=  ( 27 ) 

2
rLimr dPP +Γ=  ( 28 ) 

For a given load reflection coefficient magnitude, the measurement results depend on the phase of ΓL. 
Because we are not able to measure phase, nor the phases of the directivity factors are known, the power 
measurement uncertainties can only be expressed in terms of the minimum and maximum values for all 
possible phases of ΓL, di, and dr.  
We have to distinguish between two cases:  
• Case Known: |d| is a known directivity (that is to say, for instance, that the coupler’s directivity is 

25 dB). 
• Case Max: A maximum guaranteed value dmax of the directivity is defined (that is to say, for instance, 

that the coupler’s directivity is higher than 25 dB). In that case |d| is unknown and can lie anywhere 
in the interval 0 ≤ |d| ≤ dmax . 

6.2.1.1 Limits of Incident Power 
The situation for Pmi is rather straightforward due to the fact that |ΓL di| < 1. The situation is illustrated in 
Fig. 7, showing possible values of the vector A =  1 + ΓL di. For Case Known, the limits of Pmi are 
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( )2
min 1 iLimi dPP Γ−=  

( )2
max 1 iLimi dPP Γ+=  

For Case Max , the limits are 

( )2
maxmin 1 iLimi dPP Γ−=  

( )2
maxmax 1 iLimi dPP Γ+=  

ΓΓΓΓ L di

1

A

0 Amin Amax

Fig. 7: Illustration to obtaining the limits of incident power
 

Fig. 8: Illustration to obtaining the limits of reflected power: case of reflection
coefficient modulus greater than dr max. In the opposite case the darker circle

always contains zero, hence Amin=0

dr max
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6.2.1.2 Limits of Reflected Power 
For Case Known, the limits of Pmr are obtained exactly as the limits of Pmi:  

( )2
min rLimr dPP −Γ=  
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( )2
max rLimr dPP +Γ=  

Note that if the modulus of reflection coefficient equals that of dr, a case may occur, depending on their 
phasing, when the measured reflection coefficient will be zero. 
For Case Max, we must treat separately the instances |ΓL| > dr max and |ΓL| ≤ dr max. The situation is 
illustrated in Fig. 8, showing possible values of the vector A = ΓL  + dr for all phases of both  ΓL and dr. 
The darker circle represents the area of all possible values of A when the phase of dr is arbitrary and its 
magnitude varies between 0 and dr max. The lighter-shaded area represents the case when also phase of ΓL 
varies. The figure shows the case |ΓL| > dr max. In both cases the maximal measured reflected power is 

( )2
maxmax rLimr dPP +Γ=  

If |ΓL| > dr max, the minimal measured power is 

( )2
maxmin rLimr dPP −Γ=  

However, if  |ΓL| ≤ dr max, the minimal power can be zero: 

0min =mrP  

This is because in this case the darker circle in Fig. 8 always contains zero. 

6.2.2 Errors Due to Unknown Coupling 

Suppose for instant that the directivity of the couplers is ideal, i.e. di=0, dr=0. The formulas (24), (25) 
then become 

2

in

i
imi c

cPP = ,     
2

rn

r
rmr c

cPP =  ( 29 ) 

and the measurement error is caused by the inaccurate knowledge of the coupling factors ci, cr.  
It is a commom practice that the coupling factor uncertainty, either specified by the manufacturer or 
obtained by any calibration, is expressed in decibels as ∆C≥0. The actual coupling C (dB) is then limited 
by 

CCCCCC nn ∆+=∆−= maxmin ,  

where nn cC log20=  is the nominal (supposed) coupling expressed in dB. If the measured powers are 
also expressed in dB units (e.g. dBm), then ∆C is the power measurement uncertainty, too.  
In linear scale, we define the limits (real numbers) 
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Consequently, using (28) and separating the formulas for the forward and the reverse coupler, we have 
10/

min 10 iC
imi PP ∆−=  

10/
max 10 iC

imi PP ∆=  
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min 10 rC

rmr PP ∆−=  

10/
max 10 rC

rmr PP ∆=  
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Typical values of the coupling uncertainty-introduced error factor are summed up in Table 2. If, for 
example, the coupling factor is defined with the uncertainty of ±0.5 dB, which is quite a good accuracy, 
the actual power of 10 kW can be measured anywhere between 8913 W and 11220 W. 

Table 2: Power measurement error caused by inaccurately known coupling factor 

∆C (dB) 0 0.1 0.2 0.5 1 2 
10/10 C∆  1 1.023 1.047 1.122 1.259 1.585 

 

6.2.3 Total Error 

The aggregate power measurement uncertainty formulas, including both directivity and coupling factor 
inaccuracy errors, are obtained by combination of the two effects. For Case Known, the total  
uncertainties are  

( ) 10/2
min 101 iC

iLimi dPP ∆−Γ−=  

( ) 10/2
max 101 iC

iLimi dPP ∆Γ+=  

( ) 10/2
min 10 rC

rLimr dPP ∆−−Γ=  

( ) 10/2
max 10 rC

rLimr dPP ∆+Γ=  

For other cases, the formulas are obtained analogously and their derivation is left to the reader. 

6.2.4 Absorbed Power Measurement Uncertainty 

The bounds on the power LP  absorbed in the load are obtained as the worst-case differences in the 
formula riL PPP −= : 

maxminmin mrmiL PPP −=  

minmaxmax mrmiL PPP −=  

6.3 Reflection Coefficient Measurement Using Directional Couplers 

Using the equations derived in Section 6.1 for ideal-directivity couplers the load reflection coefficient 
can be obtained as9 

r

i

ci

cr
L c

c
b
b=Γ  

The same formula is used also for non-ideal couplers. However, since the true values of the coupling 
factors are not exactly known; we can only use the nominal values inc , rnc . What we obtain is the 
measured value  Γm of the load reflection coefficient: 
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m d
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Γ+
+Γ==Γ
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As the formula shows, the measured reflection coefficient differs from the actual reflection coefficient  
ΓL. There are three sources of errors: 

                                                      
9 Note that the coefficient ci/cr compensates for possible unequal coupling factors of the forward and reverse 
couplers. 
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1. Tracking error is caused by unequal coupling of the forward and reverse couplers  (the multiplicative 
factor differing from unity). It affects reflection coefficients of all magnitudes and in scalar systems 
can be reduced (although not quite eliminated) by proper scaling of |Γm| when measuring e.g. a short 
circuit. 

2. Directivity error is caused by the finite reverse coupler directivity (nonzero dr). It is the most 
significant error since it affects small reflection coefficient measurements, which is the most 
important practical task. The formula shows that in the absence of the remaining errors the perfect 
match (ΓL=0) would be measured as dr. 

3. Test port mismatch error is caused by the finite forward coupler directivity (nonzero di), i.e. its 
inability to accurately measure the incident power10. As seen from the formula, this error is 
insignificant for small reflection coefficient measurements, because then the denominator approaches 
unity. 

In scalar measurement systems, only the magnitude of reflection coefficient can be measured. Taking the 
absolute value, the formula yields 

iL
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r
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m d
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c
c

P
P

Γ+
+Γ==Γ

1
 

The first equality is in fact the instruction how the reflection coefficient is to be measured. The second 
equality can be used for the assessment of the measurement error. In fact, since the numerator is the 
square root of the reflected power and the denominator is the square root of the incident power, the 
power measurement uncertainties elaboraterd in Section 6.2 can be used for the assessment. Pursuing 
this11, we obtain 
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Provided the coupling factors uncertanties are eliminated by short-circuit calibration scaling12, the 
formulas simplify to 

iL

rL
m d

d
Γ+
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=Γ
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iL

rL
m d

d
Γ−
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=Γ
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6.4 Estimates of True Values 

The formulas derived in this section enable us to find intervals where measured values would lie if the 
true values were known. In practice, however, the situation is exactly the opposite: we have a measured 
value  and wish to find an interval where the true value very likely can be found. Although the inverse 

                                                      
10 The effect is similar as if the coupler were ideal (di =0) but there had been a discontinuity in the waveguide 
between the coupler and the measured load (test port mismatch). The discontinuity causes reflections modifying the 
incident wave, which cannot be seen by the coupler since it is placed behind. This is the origin of the name of the 
error. 
11 We are treating the case described as Case Known in Section 6.2. The other cases are analogous and the analysis is 
left to the reader. 
12 A short circuit (or any totally reflective termination) is connected in place of load and the measured reflection 
coefficient magnitude is observed. All subsequently measured data are divided by this value.  
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formulas to those derived can be found, a simpler procedure can be applied. If the found intervals are not 
very wide (which should be true, otherwise the measurement would be of little use), the formulas can be 
used conversely: the measured values (Pmi, |Γm|) are substitued in place of the true values (Pi, |ΓL|) on the 
right-hand sides of the equations, and the found limits are used for the estimates of the true values. 
Rewriting thus, for instance, the equations of Sections 6.2.3 and 6.3, we obtain the worst-case estimates 

( ) 10/2
min 101 iC

immii dPP ∆−Γ−=  

( ) 10/2
max 101 iC

immii dPP ∆Γ+=  

im

rm
L d

d
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L d

d
Γ−
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1max

 

Estimates and uncertainty intervals for VSWR (S) and return loss (R) are obtained from the reflection 
coefficient using the conversion formulas: 
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mR Γ−= log20  

maxmin log20 LR Γ−=  

minmax log20 LR Γ−=  
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7. CONCLUSIONS 
This text has been devoted to the analysis of a linear system consisting of a signal source, a lossless 
transmission medium (waveguide), and a load. 
It has been shown that although the power absorbed in load cannot exceed the source available power, 
the waves travelling in the waveguide and mediating this transmission can carry powers exceding the 
available power. For gross source and load mismatches, these powers can even be substantially higher 
than the source available power. 
The travelling wave powers depend not only on the magnitudes of the source and load reflection 
coefficients but also on their phases, and on the interconnecting waveguide length. 
Incident power is a measure of the field strength in the waveguide. For gross mismatches at both ends, 
the system acts like a resonator, and the field inside the waveguide may be very strong despite the low 
net transmitted power.  
Incident power alone is not a proper measure of the power absorbed in the load. Reflected power should 
be measured as well and the difference of the two should be taken. 
The problem of power and reflection coefficient measurement using directional couplers has also been 
addressed. Formulas have been derived which enable to find worst-case uncertainty intervals of 
quantities of interest due to finite directivity of measurement couplers and their coupling factor 
tolerances. 
To acquire a quantitative feeling of the matters, the reader is recommended to use the Microwave Power 
Transmission Calculator program (PowTrans), which enables: 
• To model the signal source (e.g. magnetron) and the load (working space). 
• To simulate power flows between them, including actual values and limits for arbitrary phases. 
• To estimate measurement erors when measuring powers and load reflection coefficient by means of 

directional couplers. 


